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1 Basic concepts

Definition 1.1. A ring R is a set equipped with two binary operations + and - satisfying
the following conditions:

1. (R,+) is an abelian group with identity denoted Og
2. - is associative
3. - distributes over +

If - is commutative then R is said to be a commutative ring. Furthermore, if there exists
an identity element 1 € R for the operation - then R is said to be unitary.

Henceforth, all rings are assumed commutative and unitary. We shall also suppress the
‘" notation as is the standard for multiplication.

Example 1.2. Z,Q with their standard addition and multiplication.

Example 1.3. Consider the abelian group Z/nZ of integers modulo n. Then Z/nZ is also
a ring with multiplication modulo n.

Example 1.4. Let R be a ring. Then the ring of polynomials R[X] in the indeterminate
X is a ring with the usual polynomial operations.

Definition 1.5. Let R and S be rings. A mapping ¢ : R — S is called a homomorphism
if, given r,r’ € R, we have

Loo(r+1') = o(r) + ¢(r')
2. p(rr') = @(r)e(r’)
3. o(1g) = 1g

If o is bijective then we refer to it as an isomorphism. Furthermore, if ¢ is an isomorphism
from R to itself then we call ¢ an automorphism.

Proposition 1.6. Let ¢ : R — S be a ring homomorphism and let s € S. Then there exists
a unique ring homomorphism ® : R[X] — S such that

o O(r)=¢(r) forallr € R
e d(X) =35



Proof. Let Y r; X" € R[X]. Then ® is easily defined as follows:

®: R[X]— S

n

ZriXi — Z o(r;)b’

i=0 i=0
[

Definition 1.7. Let R be a ring and I C R a subset. We say that [ is an ideal of R,
denoted I < R, if the following conditions are satisfied:

1. (I,+) is a subgroup of (R, +)
2. Forallt € I and r € R we have ir € [
Example 1.8. For alln € Z, the set nZ is an ideal of Z.

Example 1.9. Let R C C". Then
is an ideal of C[X7, ..., X,]

Definition 1.10. Let R be a ring and A C R a subset. We define the ideal generated by
A, denoted (A), to be the set of all R-linear combinations of elements of A.

Definition 1.11. Let ¢ : R — S be a ring homomorphism. The kernel of ¢ is defined as
kero={reR|¢(r)=0s}

Proposition 1.12. Let o : R — S be a ring homomorphism. Then ker ¢ is an ideal of R.

Proof. This follows directly from the definitions of a ring homomorphism and an ideal. [J

Definition 1.13. Let R be a ring and [ < R an ideal. Suppose that r,7" € R and define
the equivalence relationship » ~ ' <= r — 1’ € I. In this case, we say that r and 7’
are congruent modulo I. We define the quotient ring of R with respect to the ideal I,
denoted R/I, as the set of all equivalence classes of ~. The equivalence class [r] is denoted
r 4+ I and is the following set:

r+l:=rj={r+iliel}
Addition is defined by
(r+D)+ " +10)=r+r)+1
and multiplication by
(r+0Dr"+1)=r"+1

Proposition 1.14. The addition and multiplication operations given in Proposition |1.1
are well-defined.



Proof. Fix elements r, 7" and s, s in R. We shall first deal with addition. We need to show
that

r+Il=r+Is+I=s+1 = (r+s)+I1=00"+5)+1

Since r+ I = '+ I, we have that r —r’ € I. Say r —r’ =iy for i1 € I. Similarly, s — s’ = i
for iy € I. Then

(r+s)+I=0"+i1+s+i)+I=0"+s)+i1+ia+I=0"+5)+1
For multiplication, we have
rs+1=0"4+i)(s +ix) + 1 =1r"s"+i18 +rlig +iyia+ 1

Now since [ is an ideal, we must have that 15", r'i5 and i1io are in I. The result then follows
easily. O]

Definition 1.15. Let R be a ring and / < R an ideal. We define the quotient map to be
the surjective ring homomorphism

q:R— R/I
re—r—+1

Example 1.16. Consider the ring Z[X] and the ideal (X? + 5) <Z[X] (the ideal generated
by the polynomial X2 + 5). We may form the quotient ring Z[X]/(X? + 5) whose elements
are of the form

a+bX + (X*+5)

for some a,b € Z. The ring Z[X]/(X? + 5) can be viewed as enforcing the constraint
X? —5 = 0 upon Z[X]. Hence we may consider an element of Z[X]/(X? + 5) to be a
polynomial a +bX with the usual addition and multiplication except that X?+5 = 0. Since
X2 —5— 0 implies that X is 4=v/=5, it can be shown that Z[X]/(X? + 5) = Z[/-5].

Theorem 1.17 (First Isomorphism Theorem). Let ¢ : R — S be a ring homomorphism.
Then

R/ker p = im¢
Proof. Define a map

Y : R/kerp — imp
r+ ker o — o(r)

Then v is well-defined. Indeed, if r + ker ¢ = r’ + ker ¢ then ' — r € ker ¢ and
U(r+ker ) = o(r) = o(r) + (' — 1) = (r') = (r' + ker ¢)

1 is clearly surjective by construction so it remains to show that v is injective. Suppose
that (r 4+ ker p) = (1" + ker ). Then ¢(r) = p(r’). It follows that ¢(r —r’) = 0 whence
r —r’ € ker ¢. Therefore, r + ker ¢ = 1’ + ker ¢.

Finally, ¢ is a ring homomorphism. Indeed, each property follows from the corresponding
property of . n



Example 1.18. Returning to Example we have a ring homomorphism

¢ :Z[X]—C
X /=5

which fixes Z. The kernel of this mapping is clearly (X2 + 5) so by the previous theorem,
we have that Z[X]/(X? + 5) = Z[\/-5].

Definition 1.19. Let R be a ring. We say that R is an integral domain if 1z # O and,
given r,r’ € R, rr’ = 0 implies that r =0 or ' =0

Definition 1.20. Let R be a ring. We say that R is a field if 1 # 0 and every non-zero
element r has a multiplicative inverse. In this case, r is called a unit and we denote by R*
the set of all units.

Example 1.21. Z is an integral domain.
Example 1.22. If R is an integral domain then so is R[X7, ..., X,].
Example 1.23. F, = Z/pZ is a field as are Q, R, C.

Definition 1.24. Let R be a ring and [ <R a proper ideal. We say that [ is prime if, given
r,r’ € R, rr’ € I impliesr € [ or ' € I.

Definition 1.25. Let R be a ring and [ < R a proper ideal. We say that [ is maximal if
there does not exist an ideal J such that I C J C R.

Example 1.26. Let n € Z. Then nZ is a prime ideal if and only if n is prime.
Remark. R is an integral domain if and only if {0} is prime in R.

Theorem 1.27. Let R be a ring and [ < R an ideal. Then there is a one-to-one correspon-
dence between the ideals J of A that contain I and the ideals of A/I.

Proof. Fix an ideal J < R such that I C J. We define a map sending J to an ideal of R/I
by

p(J)=J/I={j+1|jel}

It follows directly from the definition of J that J/I is an ideal in R/I. To show that this is
a bijection. We shall construct its inverse. Let a be an ideal of R/I. Define a map sending
a to an ideal of R by

(@) ={reR|r+Ica}

The fact that the right hand side of the above is an ideal follows directly from the properties
of a. Now consider

pW(a)={j+1ljedl}={j+I|lje{reR|[r+lca}}
={r+Il|r+Ic€a}l=a
The second composition ¥ o ¢ follows in a similar way. O]

Proposition 1.28. Let R be a ring and I < R an ideal. Then I is prime if and only if R/I
18 an integral domain.



Proof. Suppose first that I is prime. Fix r+1,7"4+1 € R/I such that (r+1)(r'+1) =0+1.
Then rr’ + I = 0+ I which implies that ' € I. Now, [ is prime which implies that either
r =0 or ' = 0. This then implies that either » + I or v’ + I equals 0 + I.

Conversely, assume that R/I is an integral domain. Fix rr’ € I. We need to show that
either € I or v € I. Since R/I is an integral domain, we know that (r + I)(r' + I) =
rr’ + 1 =0+ I implies that either r + I or 7" 4+ I equal 0+ I. But then, either » or »" are in
1. O

Lemma 1.29. Let K be a ring. Then K is a field if and only if every ideal is either zero
or K.

Proof. First suppose that K is a field and let [ < K be a non-zero ideal. Fix some non-zero
x € I. Since [ is an ideal, we must have that zz=! € I. But then 1 € I which means I is
equal to K.

Now suppose that every ideal of K is either zero or K. Fix some non-zero z € K. We
need to exhibit an inverse for z. Consider the ideal (z) < K. By hypothesis, (z) is either
the zero ideal or the whole ring K. Clearly, it cannot be the zero ideal hence () = K. It
follows that there must exist some z7! € K such that zz=! = 1. O

Proposition 1.30. Let R be a ring and I < R an ideal. Then I is maximal if and only if
R/I is a field.

Proof. Suppose that R/I is a field. Then by Lemma there cannot exist a non-trivial
ideal a< R/I. Since all ideals of R/I are of them form J/I for some ideal J of R containing
I, we see that there cannot exist an ideal .J such that I C J C R meaning that / is maximal.
Note that these conditions are all necessary and sufficient as required. O]

Lemma 1.31. Any field is necessarily an integral domain.

Proof. Let F' be a field and suppose that x,y € F are such that zy = 0. Without loss
of generality, assume that x # 0. Then y = y(zz™!) = (yz)r~! = 0 and F is an integral
domain. n

Proposition 1.32. Let R be a ring and m < R a maximal ideal. Then m is a prime ideal.

Proof. By Proposition [1.30, we know that R/m is a field. By Lemma we have that
R/m is an integral domain. Then Proposition implies that m is prime. ]

2 Euclidean Domains and Principal Ideal Domains

Definition 2.1. A Euclidean domain is a pair (R, ¢) where R is an integral domain and
¢ : R\ {0} — Nis a size function such that

1. For all a € R and b € A\ {0} there exists ¢, € R such that
a=bg+r
and either r = 0 or ¢(r) < ¢(b)

2. For all a,b € R\ {0} we have ¢(a) < ¢(ab)



Example 2.2. Z is a Euclidean domain with ¢(n) = |n|.
Example 2.3. Let K be a field. Then K[X] is a Euclidean domain with ¢(f) = deg f

Definition 2.4. Let R be a ring and I < R an ideal. We say that [ is principal if there
exists an x € R such that I = (z). In this situation, we call x a generator for I.

Definition 2.5. Let R be an integral domain. We say that R is a principal ideal domain
(PID) if every ideal is principal.

Proposition 2.6. Let R be a Euclidean domain. Then R is a principal ideal domain.

Proof. Let ¢ be the size function of R. Since the zero ideal is principle in R, we only need
to consider non-zero ideals. Let I < R be a non-zero ideal. Choose a b € I\ {0} such that
©(b) is minimal. We claim that I = (b).

It is obvious that (b) C I so we just need to show that I C (b). Fix some a € I. Then
we may write

a=qb+r

for some ¢, € R such that either » = 0 or ¢(r) < ¢(b). We must have r = 0 because if
not then r = a — ¢gb € I with ¢(r) < ¢(b) which contradicts the minimality of ¢(b). hence
a = ¢b for some ¢ € R whence a € (b). O

Proposition 2.7. Let R be a principal ideal domain and [ < R a non-zero ideal. If I is
prime then it is maximal.

Proof. Let J be an ideal of R containing I. Then I = (x) and J = (y) for some z,y € R.
Now I C J implies that x € J and so x = yz for some z € R. Hence yz € I. Now [ is
prime meaning either y € [ or z € I. If y € [ then J = (y) C I whence I = J. If z € |
then z = wx for some w € R and thus x = ywx. This implies that yw = 1 whence y is a
unit. Hence J = (y) = R and I is maximal. O

3 Modules: Basic Notions

Definition 3.1. Let R be a ring. An R-module is a set M with an addition operation
+: M x M — M and a scalar multiplication operation - : A x M — M such that

1. (R,+) is an abelian group

2. lg-m=mforallme M

3. (ab)-m=a-(b-m) for all m € M,a,b € R

4. a-(m+n)=a-m+a-nforallmmne MacR

5. (a+b)-m=a-m+0b-mforallme M,a,be R
Remark. Fix r € R and define a mapping

or M — M

me=r-m



By the 4" property of a module, ¢, is an endomorphism of (M, +). We denote the set of
all endomorphisms of M by End(M). We hence have a map

¢ : R— End(M)
which is a ring homomorphism by Properties 2, 3 and 5.

Conversely, given an abelian group (M, +) and a ring homomorphism ¢ : R — End (M),
we can make M into an R-module by defining - : R x M — M with

r-m=@(r)m
Example 3.2. Let K be a field. Then a vector space over K is a K-module.

Example 3.3. Let R be a ring and n € N. Then the set R" of column n-vectors with
entries in R is an R-module under component wise operations.

Example 3.4. Let (G,+) be an abelian group. Then (G, +) can be viewed as a Z-module
where

g+---+g ifn>0
n-g=< 0 ifn=20
—(g+---+9g) ifn<0

Clearly this is the only way to make (G, +) into a Z-module since n-g = (1+---+1)g =
g+---+g

Example 3.5. Let R be a ring. Then we can consider R as a module over itself where
scalar multiplication is just ring multiplication.

Example 3.6. Let R be a ring. Then R[Xj,...,X,] is an R-module.

Definition 3.7. Let R be a ring and M an R-module. A submodule of M is a subset
N C M which is an R-module under the induced operations.

Example 3.8. Let M be an abelain group considered as a Z-module. Then its submodules
are the subgroups of (M, +).

Example 3.9. Let K be a field and V' a vector space over K. Then its K-submodules are
the subspaces of V.

Example 3.10. Let R be a ring considered as a module over itself. Then the R-submodules
are just the ideals of R.

Definition 3.11. Let R be a ring and M a module over R. Given a subset X C M we may
define the submodule of M generated by X

(X) = { finite R-linear combinations of X }

Definition 3.12. Let R be a ring and M an R-module. We say that M is finitely gener-
ated if there exists my,...,m, € M such that M = (my,...,m,). If M is generated by a
single element, we say that M is cyclic.



Example 3.13. Let R be a ring and consider the set of all column n-vectors R". The
elements

e; =(0,...,0,1,0,...,0)T
for all : = 1,...n generate A” as an A-module.

Example 3.14. Let K be a field and V' a K-vector space. Then V is finitely generated as
a K-module if and only if V' is finite dimensional over K.

Example 3.15. Let G be an abelian group. Then G is cyclic as a Z-module if and only if
G is cyclic.

Example 3.16. Let R be a ring and consider it as a module over itself. Then a submodule
I of R is cyclic if and only if [ is principal as an ideal of R.

Remark. A submodule of a finitely generated module is not necessarily finitely generated.
Indeed, consider the ring 2V with operations X +Y = XAY = (X\Y) U (Y\X) and
XY = XNY with 0= @ and 1 = N as a module over itself. Then 2" is finitely generated,
in particular by 1 but the submodule

I ={ACN| Ais finite }
is not.

Definition 3.17. Let R be a ring and suppose that M and N are R-modules. A homo-
morphism from M to N is a mapping ¢ : M — N that preserves R-linear combinations.
In other words

L. o(m+m') =p(m) + e(m') for all m,m’ € M
2. p(am) = ap(m) for allm € M,a € A

Example 3.18. Let G and H be abelian groups viewed as Z-modules then a Z-homomorphism
is exactly a group homomorphism.

Example 3.19. Let K be a field and suppose that U and V' are K-vector spaces seen as
K-modules. Then a K-homomorphism U — V is a K-linear map.

Remark. Let R be a ring considered as a module over itself. Then the R-endomorphisms
are not the same as the ring endomorphisms of R.

Definition 3.20. Let R be a ring and M a module over R. Suppose that N is a R-
submodule of M. We define the quotient module, denoted M /N, to be the set of cosets
of N in M:

M/N ={m+N:me M}
with addition defined by
(m+N)+(m +N)=(m+m')+N
and scalar multiplication by

a-(m—+N)=am+ N



Theorem 3.21. Let R be a ring and M, N modules over R. If p : M — N is a module
homomorphism then

1. ker ¢ s a submodule of M
2. im ¢ is a submodule of N
3. M/kerp = img
Proof. This are proved in exactly the same way as for the ideal and ring cases. O]

Definition 3.22. Let R be a ring and M, ... M, a collection of R-modules. We define their
direct sum as

A+ + DA

to be the R-module A; x --- x Ay with component-wise operations. Furthermore, if { M}, }
is a countable family of R-modules, we may define their infinite direct sum in a similar way
except we require that all sequences are eventually zero:

@Mi:{(ml,mg,...)\miEMi and In e Nm; =0Vj >n}
i=1

Example 3.23. Let R be a ring. Then R* = R® --- @ R (n times)
Definition 3.24. Let R be a ring and M a module over R. Suppose that mq,...,m, € M.
1. We say that mq,...,m, are linearly independent if
rymy+ -+ rym, =0
implies that all r{,...,r, are zero
2. We say that mq,...,m, span M if M = (mq,...,my,)

3. We say that my,...,m, are a basis for M if they are linearly independent and span
M

Remark. & is a basis for 0.

Proposition 3.25. Let R be a ring and M a module over R. Suppose that mq,...,m, € M.
Then the following are equivalent

1. my,...,m, form a basis for M over R
2. FEvery m € M can be written as a unique linear combination of the m;
3. my,...,m, span M and given any R-module N and a mapping
f:A{my,....omp,} >N
Then there exists a unique extension of f to a homomorphism of modules

f:M—N



Proof. We first show that (1) = (2). Suppose that my,...,m, form a basis for M over R.
Then my, ..., m, are linearly independent and span R. Fix some m € M. Since my,...,m,
span M we may write m = aymq + - - - + a,m,,. Similarly, let m = bymy + --- + b,m,, be
another linear combination. Then we have

0= (0,1 —b1>m1+ —I—(an—bn)mn

But the m; are linearly independent so we must have that a; —b; = 0 for all <. Hence a; = b;
and such linear combinations are unique.

We now show that (2) == (3). Consider the mapping f : M — N which sends
amy + -+ -+ aym, € M to ayf(my) + -+ + a,f(my). This is indeed a unique well-defined
mapping since m can be represented by a unique linear combination of the m,;. Furthermore,
f satisfies the axioms of a module homomorphism by construction.

Finally, we show that (3) == (1). Let N be an R-module and [ : {my,...,m,} = N
be a mapping which extends uniquely to a module homomorphism f : M — N. It suffices
to show that m; are linearly independent. Suppose that

rimy+---+r,m, =0

for some r; € R. Let fi: {my,...,m,} — N be the function sending m; to 1 and the rest
of the m; to 0. Then f; extends to a unique function f; : M — N. We then have

Filrmy + -+« +rmy) = £1(0)
rlfl(ml) +o rnfl(mn) =0

T1:0

A similar argument shows that the rest of the r; are zero. Hence the m; are linearly inde-
pendent. 0

Definition 3.26. Let R be a ring and M a module over R. If there exists a basis for M
over R then we say that R is free.

Proposition 3.27. Let R be a ring and M a module over R. Then M 1is finitely generated
if and only if there exists some n € N and a surjective homomorphism ¢ : R™ — M.

Proof. First suppose that M is finitely generated over R. Fix some generating set mq,...m,, €
M. Let ¢ : R® — M be the unique homomorphism that sends e; to m;. Then clearly,
imp = M.

Conversely, given a homomorphism ¢ : R" — M such that im ¢ = M then ¢(ey), ..., ¢(e,)
is a generating set for M. O

Corollary 3.28. Let R be a ring and M a module over R. Then M is cyclic if and only if
M = R/I for some ideal I < R.

Proof. By Proposition we know that M is a generated by one element (cyclic) if and
only if there exists some surjective homomorphism ¢ : A — M. By the first isomorphism
theorem for rings, this is true if and only if there exists an ideal I = ker ¢. In other words,
M~ R/I. O

10



4 Modules over a Euclidean Domain

Definition 4.1. Let R be a ring and M a module over R. We say that M is finitely
presented if there exists n € N and a finitely generated R-submodule of R™ N such that

M = R"/N
In other words, M is finitely presented if the kernel of the mapping ¢ : R™ — M is finitely
generated.

Remark. Let R be a ring and let mq,...,m, € R". Denote N = (mq,...,m,). We may
write m; = Z?Zl a;je; for some a;; € R and for all 7 =1,...,7. Now let f; =¢; + N. Then
R™/N can be viewed as the R-module generated by the f; subject to the r relations

Z a;jfi =0

=1

Conversely, suppose that M is an R-module generated by some fi, ..., f, subject to the
r relations

n

Z a;jfi =0

i=1
where j = 1,...,r and a;; € R. Then the homomorphism ¢ : R" — M which maps e;

to f; has kernel kerp = > anfi,..., > aifi). Then M is clearly finitely presented since
M = R"/ker .

We see that finitely presented modules are exactly those modules that can be described
in terms of finitely many generators subject to finitely many relations.

Definition 4.2. Let R be a ring and ¢ : R" — R™ an R-homomorphism. Let e,... e,
be the standard basis for R" and fi, ..., f,, that of R™. We may write p(e;) = > 1", @ijgi.
Then we define the matrix of ¢ as

[¢] = (aij)ij € Matyxn(A)

Remark. We can use matrices to describe the finitely presented matrix R™/N where
N = (my,...,m,) and m; = > a;;e; € R".

Let hq, ..., h, be the standard basis for R". Let @ : R" — R"™ be the R-homomorphism
such that ¢(h;) = m; for each j. Then im¢ = N and the n x r matrix [¢/] encodes each
relation as a column. Hence a finitely presented module can be completey described by its
presentation matrix [¢]

Example 4.3. Let M be the Z-module generated by ey, ..., e4 subject to the the relations

e1+ 294+ 3e3 +4e4 =0
561+6€2—|—763+864:O

then its presentation matrix is

=W N =
o J O Ot

11



Definition 4.4. Let R be aring and ® € Mat,,x,.(R). Then the elementary row (column)
operations on VU are the following:

1. swap two rows (columns)
2. multiply a row (column) by a unit in R
3. add a scalar multiple of one row (column) to another row (column)

Remark. Let R be a ring and ¢ the presentation matrix of a finitely presented R-module.
Then a sequence of elementary row operations results in a new set of generators and cor-
responding relations. A sequence of elementary column operations leaves the generators
untouched and results in a new, yet equivalent, set of relations.

Definition 4.5. Let R be a ring and ®, U € Mat,,«,.(R) be two matrices. We say that ®
and ¥ are equivalent if one can be obtained from the other by a sequence of elementary
row or column operations.

Remark. It follows from the above definition that if two finitely presented R-modules have
equivalent presentation matrices then they are isomorphic.

Lemma 4.6. Let R be a Euclidean domain and ® € Mat,,«,(R) a matriz. Let d(®) be the
greatest common divisor of all the elements of ®. If ' is the result of applying an elementary
operation to ® then d(®) = d(P’).

Proof. The lemma is trivial for all elementary operations except addition of scalar multiples
of rows (columns). Now let 7= (r1,...,r,), 5= (s1,...,,) be rows of ® and suppose that
®’ is the result of adding a € R times § to 7. In other words, ®’ is the same matrix as
® with 7 replaced by (r; + asy,...,m, + as,). Then ged(r; + as;, s;) = ged(ry, s;) for all i
whence d(®) = d(®’). The argumentation for columns follows in exactly the same way. [

Proposition 4.7. Let (R, ) be a Euclidean domain and ® € Mat, «,.(R) a matriz. Let d
be the greatest common divisor of all the elements of ®. Let p(P) denote

p(P) = min p(ais)
where the a;; € R are the elements of ®. Then there exists a sequence of elementary
operations that change ® into a matriz ®' such that the smallest element of ' (with respect
to v) is d.

Proof. We shall prove the proposition by induction on ¢(®). It is clear that p(®) > o(d).
If o(®) = p(d) then we are done. If not then assume, for the induction hypothesis, that
the proposition is true for all matrices &' with elements in R such that d(®’) = d and

P(P) < p(P).

Let a,, € R be such that ¢(au,) = ¢(®). Now since ¢(ayu,) > ¢(d), there exists an
element of ®, say a;, € R, such that a,, does not divide a;,,,. Indeed, if this were not the
case, then a,, would divide d.

First suppose that a;, is in the same column or row as a,,. In other words, either v ={
or v = m. By the definition of a Euclidean domain, we may write a;,, = qa,, + r for some
q,r € R such that either r = 0 or p(r) < ¢(au). Since a,, does not divide a;,, we must
have that r is non-zero. If v = m so that a,, and a;, are in the same column, we may replace

12



the I"" row of ® by the [ row minus ¢ times the u!* row. This gives us a matrix ® whose
Im'™ element is 7. Now since (1) < ¢(ay,), we have that ¢(®') < p(®). By Lemma [4.6) we
see that d(®') = d(P) = d. Hence by the induction hypothesis, we may transform &’ into a
matrix W such that d(V) = d and we are done. A similar argumentation can be applied for
the case where [ = v and a,, and a;,, are in the same row.

Now suppose that a;, is not in the same row or column as a,,. Then a,, divides every
element a,; in the same row and every element a;, in the same column. We observe that
we may transform ® to a matrix & where a,, is fixed but all elements in the same row and
column as a,, become zero. Indeed, starting with the v** column, we see that there exists
a z € R such that a;, = z;a,,. The row operation replacing the i row with the i** row
minus z; times the u'* row makes a;, equal to 0. We repeat this process for all i not equal
to u. Similarly, we can perform column operations to transform all elements in the u* row
except ay, to 0. Call this new matrix ®. By Lemma [4.6] we see that d(®') = d(®) = d.
Furthermore, o(®') < ¢(®). If ¢(P') = d then we are done. If not then consider the element
aym that is not divisible by a,,. By assumption, | # u and m # v so we may replace the u'*
row of ® by the u'* row plus the I* row. By construction, a;, = 0 so this operation does
not change a,,. Call this new matrix . Then ¢(¥) < ¢(®). However the u!* row now
contains both a;,, and a,, and we may now refer back to the previous case. O

Theorem 4.8. Let R be a Euclidean domain and ® € Mat, . (R) a matriz. Then there
exists a sequence of elementary operations that put ® in the form

ay
0
Qg
0 0
where ay,...,ar € R\{0} and ai|as|...|ax. This is referred to as Smith normal form.

Proof. If ® is the zero matrix then we are done so assume that ® # 0. By Proposition [4.7]
we can transform @’ into a matrix with entry a,, = d = d(®). Clearly a,, divides all the
elements of ®. We may then transform this matrix into one such that a;; = d. Again by
row operations, we may transform the 1% row and column such that a;; is unaffected and
all other elements in the 1% row and column are zero. We thus have a matrix of the form

(0 &)

where @' is a n — 1 by r — 1 matrix with elements in R, all divisible by d. We may repeat
this process on ® and, by induction, the theorem follows. O

Theorem 4.9 (Structure Theorem for Finitely Presented Modules over an E.D). Let R be
a Fuclidean domain. Let M be a finitely presented R-module. Then

M=~ R/(a))®--® R/(ax) ® R"

for some m € N and ay,...,a, € R\{0} such that ai]as| ... |ax.
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Proof. By the definition of a finitely presented module, we have that M = R™/N for some
n € N and a finitely generated R-submodule of R". Consider the presentation matrix of
M, say ®. We may transform ® into a matrix ¥ which is in Smith normal form. Then the
finitely presented module corresponding to W is isomorphic to M.

Now, R" is generated by ey, ..., e, and the matrix ¥ implies that N satisfies
N = (ai€eq,...,arer)
for some ay,...,ar € R\ {0} such that a;]|...|ax. We thus have that
M = R"/N

= e, ..o en) /{are, ... aey)

~R/(a)® - D R/(a) ® R
O

Proposition 4.10. Let R be a PID and N an R-submodule of R". Then N is finitely
generated.

Proof. We prove the proposition by induction on n. If n =1 then the proposition is trivial
since N is necessarily a principle ideal.

Now suppose that n > 1. Let N be an R-submodule of R". Let m; denote the projection
mapping of N onto its i*" coordinate. For example,

m:N—R

(X1, ..y Tp) > 1

Then 71 (N) is clearly an ideal. Since R is a PID, we must have that m(N) = (z) for some
x € R. Now consider

M = {(zg,...,2,) € R" | (0,29,...,7,) € N}

Clearly, M is an R-submodule of R"~! and, appealing to the induction hypothesis, we may
choose a set of generators for M, say yi,...,yx. Let w € N be such that m(w) = z. Then
{w,(0,91),...,(0,yx) } generate N. O

Corollary 4.11. Let R be a PID. Then any finitely generated R-module is finitely presented.

Proof. Let M be a finitely generated R module. By definition, we have M = R"/N for
some n € N and an R-submodule of R", N. By Proposition we have that N is finitely
generated. By definition, this means that M is finitely presented. O

Remark. Since every ED is a PID, the structure theorem holds for finitely generated mod-
ules over a Euclidean domain.

5 Noetherian Rings/Modules

Definition 5.1. Let R be a ring. Then R is Noetherian if every ideal of R is finitely
generated.
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Lemma 5.2. Let R be a ring. Then the following conditions are equivalent:
1. R s Noetherian
2. Every ascending chain of ideals of R is stationary
3. FEvery non-empty set of ideals of R has a maximal element.

Proof. We first show that (1) = (2). Suppose that R is Noetherian and let
LCLCI;C...

be an ascending chain of ideals in 2. Let I be the union of the [; for all j > 1. Then I is
an ideal and, since R is Noetherian, it is finitely generated say by ay,...,a, € R. Now, for
all 1 <1 < n there exists a 7 > 1 such that a; € I;. Let I} be the largest such ideal. Then
I, contains all aq,...,a, whence I C [;. We also have the trivial inclusion I, C [ and we
see that the chain is stationary.

We now show that (2) = (3). Let Z be a non-empty set of ideals of R. Choose an
ideal I; € Z. If I; is maximal then we are done. If not then Z\; is non-empty and we may
choose I, such that I; C I,. We may continue in this fashion, forming an ascending chain
of ideals I} C I, C I3.... By assumption, this chain is stationary at some . Then this [
is the desired maximal element of Z.

Finally, we show that (3) = (1). Suppose that every non-empty set of ideals of R has
a maximal element. Let I < R be an ideal. Denote

Z={JCI|J<aR and J is finitely generated }

Clearly Z is non-empty since it contains the zero ideal. By assumption, we may choose a
maximal element of Z, say J. If I = J then we are done. If not then consider a € I\J. Then
(J,{a})is a finitely generated ideal contained in I which contains J. This is a contradiction
to the maximality of J. Hence I = J and [ is Noetherian. [

Example 5.3. Let R be a PID. Then R is Noetherian.
Example 5.4. Consider R = Z[X1, X5, ...]. Then R is not Notherian since
(X1) € (X1, Xs). ..
is an ascending chain of ideals that is not stationary.
Theorem 5.5 (Hilbert’s Basis Theorem). Let R be Noetherian. Then R[X] is Noetherian.

Proof. Let I < R[X] be an ideal. If f € R[X] then A(f) denotes its leading coefficient. For
all m € N we define

Jn ={0}U{reR|3f €l,deg(f) =m,A(f)=1r}

It is easy to see that J,, is an ideal of R and that J,,, C J,,+1 for all m € N. This defines an
ascending chain of ideals

JoChCJHC...

15



Now, R is Noetherian hence there must exist some n € N such that J, = J,41 = Jyi0 = ...
. For all m < n, the ideal J,, is finitely generated, say

Jm = (rmla <o 7rmsm)

for some 7,,,; € R and s,, € N. Now for a fixed m € N, we have for each 1 < j < s,, some
fmj € I with deg(f,;) = m and A(fi,;) = rmj. We claim that the finite set

S={fmj€l|m<nl1<j<sn}

generates the ideal I. Indeed, suppose f € I with deg(f) = m. We first consider the case
where m < n. We have A\(f) € J,,, and thus

Af) = Zm: bjTm;
j=1

for some b; € R. Hence
deg (f - ijfmj> <m
j=1

Now if m > n then A(f) € J,, = J, and thus
A(f) = Z bjrnj
j=1

for some b; € R. Hence
deg (f —Xxmn Z bjfnj) <m
j=1

Inducting on m, we see that in both cases, f may be written as an R[X]-linear combination
of elements of S and thus I = (.5). O

Corollary 5.6. Let R be Noetherian. Then R[X,...,X,] is Noetherian.
Example 5.7. Z is Noetherian but not a PID.

Example 5.8. Let K be a field. Then K[X},...,X,] is Noetherian.
Example 5.9. If R is any PID then R[X},...,X,] is Noetherian.

Definition 5.10. Let R be a ring and M an R-module. Then M is said to be Noetherian
if every submodule of M is finitely generated.

Lemma 5.11. Let R be a ring and M an R-module. Then the following conditions are
equivalent:

1. M s Noetherian
2. FEvery ascending chain of R-submodules of M is stationary

3. Every non-empty collection of R-submodules of M has a maximal element
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Proof. This follows the exact same argumentation as the case for ideals. O]

Proposition 5.12. Let R be a ring and

B

0 y L —2 > M y N y 0

be a short exact sequence of R-modules. Then M is Noetherian if and only if both L and N
are.

Proof. First suppose that M is Noetherian. Then any ascending chain of submodules of L
or N corresponds to an ascending chain of submodules of M and they are thus stationary.

Conversely, suppose that L and N are Noetherian modules. Let M; C My C ... be an
ascending chain of submodules of M. Then the ascending chains

Oé_1<M1) Q Oé_l(Mg) Q Ce
of L and

B(My) € B(Ms) C ...

of N are stationary. Suppose that a='(My) = o=} (M) and B(My) = B(My) for all k > K.
We claim that M, = My for all kK > K. Indeed, fix ¥ > K and choose x € M. Then
B(x) € B(My) = B(Mg) and thus there exists a y € Mg with B(x) = B(y). This is
equivalent to © — y € ker 8. But the sequence is exact at M and ker(5) = im(«) and thus
there exists z € L with a(z) = © —y € My. Therefore, 2 € a7 (M},) = a~}(Mg) and we see
that a(z) = x — y € M. This shows that x € Mk and thus My, = My for all k > K. O

Corollary 5.13. Let R be a ring and My, ..., M, Noetherian R-modules. Then
Ml b---bB Mn
s Noetherian.

Proof. We prove the corollary by induction on n. If n = 1 then there is nothing to prove so
suppose n = 2 for the basis case. We have a short exact sequence

0—>M1L>M1@M2 6>M2 > 0

with the morphisms given by

Oé:M1—>M1@M2
ml'_><m1a0)

and

B:Ml@MQ_)MQ

’
(m1 m2) = Mo

Hence by the previous proposition, M; @& Mj is Noetherian. The corollary then follows by
induction on n. O]

Proposition 5.14. Let R be a Noetherian ring and M a finitely generated R-module. Then
M s Noetherian.
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Proof. Since M is finitely generated, there exists an n € N and a R-submodule of R", say
N, such that M = R™/N. The previous corollary implies that R™ is a Noetherian R-module
and we have the exact sequence

R s M > 0

The proposition then implies that M is Noetherian. O]

Corollary 5.15. Let R be a Notherian ring and M a Noetherian R-module. Then every
R-submodule of M is Noetherian.

Proof. Let N be an R-submodule of M. Then, since M is Noetherian, N is finitely generated
over R. Since R is a Noetherian module over itself, the previous proposition implies that N
is Noetherian. N

6 Factorisation

Definition 6.1. Let R be an integral domain. We say that r € R is irreducible if it is not
a unit and r = xy for some x,y € R implies that either x or y are units.

Definition 6.2. Let R be an integral domain. We say that r € R is prime if r|zy for some
x,y € R implies that either |z or r|y.

Lemma 6.3. Let R be an integral domain. Any prime element of R is necessarily irreducible.

Proof. Let r € R be prime and suppose that » = zy for some x,y € R. Then by definition
of primality, 7|z or r|y. Suppose, without loss of generality, that r|z. Then z = rb for some
b € R. Then r = rby. Since R is an integral domain, we must have that 1 = by and y is
thus a unit. Similarly, if 7|y then z is a unit. ]

Proposition 6.4. Let R be a PID. Then r € R is prime if and only if it is irreducible.

Proof. The forward case is covered by the previous lemma. It suffices to prove the backwards
implication. To this end, let » € R be irreducible. Since in a PID, any non-zero ideal is
prime if and only if it is maximal, it suffices to show that (r) is a maximal ideal. Suppose
there exists an ideal J < R such that

(r)yCJCR

Since R is a PID, we have J = (s) for some s € R. Now, (r) C (s) so r = sa for some a € R.
r is irreducible so either s is a unit or a is the unit. In the former case, (s) = R and in the
latter, (s) = (r) and thus (r) is maximal. O

Corollary 6.5. Let R be a PID and r € R\{0}. Then the following are equivalent
1. (r) is maximal
2. r is prime
3. r is 1rreducible

Definition 6.6. Let R be an integral domain. We say that R is a unique factorisation
domain (UFD) if every non-zero r € R satisfies the following conditions:
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UFD1 There exists a natural number n, irreducibles py,...,p, € R and a unit u € R such
that

T=UpP1...Pn

UFD2 Such a representation is unique up to units. In other words, if » = vqy,...,qn is
another representation of » then m = n and p; = w;q; for some units w; € R.

Proposition 6.7. Let R be a UFD. Then r € R is prime if and only if it is irreducible.

Proof. The forward case is again proven by the lemma. It suffices to show the backwards
implication. Let r € R be irreducible and suppose r|zy for some x,y € R. Then zy = rz
for some z € R. If either x = 0 or y = 0 then the result is trivial so assume they are both
non-zero. Writing z,y and z as products of irreducibles, we have

(upr ... p) (V@1 - - . Gm) = WISy ... Sy,

for some units u, v, w € R and irreducibles p;, ¢;, s, € R. By UFD2, either r is a product of
a unit with a p; or the product of a unit with a ¢;. In the former case, r|z. In the latter
case r|y. O

Proposition 6.8. Let R be a Noetherian integral domain. Then R satisfies UFD]1.

Proof. We shall refer to r € R as undecomposable if it is non-zero, non-unitary and
cannot be written as a product of irreducibles. Suppose that r € R is undecomposable.
Then if r = x1y; we must have that both x; and y; are non-units in R and one of them is
undecomposable. Say x;. We can play the same game with z; and write 1 = x2ys for some
non-zero, non-unitary s, y, € R. Say that xy is again undecomposable. We then have the
ascending chain of ideals

(1) C (1) € (22) C ...

which is non-stationary. This is a contradiction to R being Noetherian so this process must
stop and at one stage, we must be able to retrieve a decomposition into irreducibles. O

Proposition 6.9. Let R be an integral domain. Then R is a UFD if and only if it satisfies
UFD1 and every irreducible in R is prime.

Proof. The forward implication has been covered by previous results. It suffices to show the
backwards implication. To this end, suppose that R satisfies UFD1 and every irreducible
in R is prime. We must prove that R satisifies UFD2. Let r € R be non-zero, non-unitary
and suppose that

r=pPi...Pm =41 ...4n

for some irreducibles p;,¢; € R and , < n. By assumption, each p; is prime so pi|qi ... ¢,
implies that p;|g; for some 1 < j < n. After renumbering, we may assume that p;|g; so that
¢1 = uipi. But ¢; and p; are irreducible so u; must be a unit. Now, cancelling common
terms on both sides of the equatuon, we have

P2...Pm = U1q2...(qn

Continuining in this way, we obtain

IL=wui. .. umGms1..q,

for some units u; € R such that ¢; = w;p; (after renumbering). Now if m < n then necessarily
Gm+1 1s @ unit which is a contradiction. Hence n = m and UFD2 is satisfied. O
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Corollary 6.10. Any Noetherian integral domain in which every irreducible is prime is a
UFD. In particular, every PID is a UFD.

Remark. This implies that the following holds:
ED = PID = UFD

Example 6.11. Z is a UFD.
Example 6.12. Let K be a field. Then K[X] is a UFD.

Definition 6.13. Let R be a UFD. If r,s € R are non-zero and have prime factorisations

r=upi...p"

5:vp{1...pf7;"

for some units u,v € R, primes p; € R, natural numbers e;, f; and n < m then we define
their greatest common divisor to be

min{enyfn}

pflmﬂ{elyfl} pE

ged(r, s) =

Definition 6.14. Let R be a UFD and f =Y ;X" € R[X] a non-zero polynomial. We
define the content of f to be

c(f)=ged (r)

0<i<n,r; 20

Definition 6.15. Let R be a UFD and f € R[X]| a non-zero polynomial. Then R is said
to be primitive if ¢(f) = 1.

Lemma 6.16. Let R be a UFD and f € R[X] a non-zero polynomial. Then there exists a
primitive polynomial fo € R[X] such that f = c(f)fo-

Proof. This follows immediately upon dividing f through by its content. The resulting
polynomial is then primitive. O

Proposition 6.17. Let R be a UFD and f,g € R[X] primitive polynomials. Then fg is
primaitive.

Proof. Suppose that fg is not primitive. Then ¢(fg) has a prime factor, say p € R. Consider
the homomorphism

™ RIX] = (R/(p)[X]

Then n(f)m(g) = 7(fg) = 0. Now, (R/(p))[X] is an integral domain so either =(f) = 0 or
7(g) = 0. This is equivalent to saying that p|c(f) or plc(g). But f and g are primitive so
this is a contradiction and we must have that fg is primitive. O]

Corollary 6.18. Let R be a UFD and f,g € R[X] non-zero polynomials. Then c¢(fg) =
c(f)elg)-

Proof. We may write f = ¢(f)fo and g = ¢(g)go for some primitive polynomials fy and go.
Then fg = c(f)e(g) fogo- By the previous proposition, fogo is primitive and the corollary
follows. O]
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Proposition 6.19 (Gauss’ Lemma). Let R be a UFD and K = Frac(R). If f € R[X] is
non-constant and irreducible in R[X] then f is irreducible in K[X].

Proof. f is clearly primitive since otherwise, we would be able to factor out its non-unit
content. Now suppose that f = gh for some non-units (and thus non-constants) g, h € K[X].
Clearing denominators we may write

¢
r )

H
h=—
S

g:

for some G, H € R[X] and r, s € R such that r is coprime to ¢(G) and s is coprime to c(H).
Then

rs =c(rsf) = c(G)c(H)
hence r|c(H) and s|c(G). We may then write
,_GH_GH
a b b a
but the latter is a product of two polynomials in R[X] and such a decomposition is not

possible since f is irredudicble in R by hypothesis. Hence f is irreducible in K[X]. H

Lemma 6.20. Let R be a UFD and K = Frac(R). If f € R[X] is a non-constant and
wrreducible polynomial then

RIX] N FK[X] = fRIX]
Proof. First suppose that g = fh for some h € R[X], Then g € R[X]| and g € fK[X].

Conversely, suppose that g € R[X]|N fK[X] so that g = fh for some h € K[X]. We first
note that f must be primitive since it is irreducible. Now write

h=—
b

with H € R[X] and b € R such that b is coprime to ¢(H). Then bg = fH and bc(g) = c¢(H).
We therefore have that b|c(H). This implies that b is a unit in R whence h € R[X]. Hence
g € fR[X]. O

Theorem 6.21. Let R be a Noetherian UFD. Then R[X] is a Noetherian UFD.

Proof. Hilbert’s Basis Theorem implies that R[X] is a Noetherian integral domain and, by
Proposition [6.8 R[X] satisfies UFD1. Hence by Proposition [6.9] it suffices to show that
every irreducible in R[X] is prime. To this end, suppose that f € R[X] is irreducible. We
consider two cases, first suppose that f € R. Then f is irreducible in R. Now R is a UFD
and every irreducible is prime in R so f is prime in R. We thus have

RIX]/(f) = (R/(F)IX]

is an integral domain and thus f is prime in R[X].

Now suppose that f is not constant. By the previous lemma, R[X] N fK[X]| = fR[X]
and so

RIX]/fRIX] = RIX]/(R[X] N fK[X])
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This implies the existence of an injective ring homomorphism

RIX]/FRIX] — K[X]/fK[X]
Now, Gauss’ Lemma implies that f is irreducible in K[X] and, since K[X] is a PID, is
thus prime in K[X]. We then have that K[X]/fK[X] is an integral domain that contains
R[X]/fR|X] as a subring. The latter is therefore also an integral domain whence f is prime
in R[X]. O
Corollary 6.22. Let R be a Noetherian UFD. Then R[Xy,...,X,] is a Noetherian UFD.
Example 6.23. Z[X1,..., X,] is a UFD.
Example 6.24. If K is a field then K[Xy,...,X,] is a UFD.

Proposition 6.25. Let R be an integral domain and f € R[X] a non-constant monic
polynomial. Let p < R be a prime ideal of R such that the reduction f = f (mod p) is
irreducible in (R/p)[X]. Then f is irreducible in R[X].

Proof. Suppose that f € R[X]is irreducible. Then we can write f = gh for some g, h € R[X]
also monic and non-constant. Then f = gh. But this contradicts the hypothesis that f does
not factor in (R/p)[X]. O

Proposition 6.26 (Eisenstein’s Irreducibility Criterion). Let R be an integral domain and
f(X) =37 rX" € RIX] be a non-constant monic polynomial in R[X]. Suppose there
exists a prime ideal p < R such that

I.rpep forall0<i<n-—1
2. 19 ¢ p2
then f is irreducible in R[X].

Proof. Suppose that f € R[X] is irreducible. Then we can write f = gh for some g, h € R[X]
monic and non-constant. Reducing modulo p we have

gh=f=X"
By definition of p, R/p is an integral domain and so both g and A have zero constant term.

This implies that the constant terms of g and h are elements of p. But this would imply
that the constant term of f is in p? which is a contradiction. m

7 The Vandermonde Identity

Proposition 7.1. Consider the matriz

1 1 -1
. )?1 )?2 . Xn
XI'L—1 Xélb—l X;;z—l
with entries in Z[X1, ..., Xya]. Then detV =[], _;(X; — X;)

Proof. Let A(Xy,...,X,) denote det V' € Z[X}, ..., X,]. Fix some i # j and set X; = Xj.
Then A = 0 since V has two equal columns. Hence A is divisible by X; — X,. Since
Z[Xy,...,X,) is a UFD and the polynomials X; — X, for i < j are all coprime to each other,
we see that A is divisible by [[,_;(X; — X;). Now, deg A = (5) = deg [1i;(X; — Xi) hence
they must differ only by a constant. To determine this constant, we need look only at the
the diagonal term X,X2 ... X! This has coefficient 1 in both expressions so the overall
constant must be 1. O
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8 The Cayley-Hamilton Theorem

Theorem 8.1. Let R be a ring and M a finitely generated R-module. Suppose that ¢ :
M — M is an R-linear endomorphism of M. Then ¢ satisfies a polynomial equation of the
form

@A =0

for some r; € R

Proof. Let x4,...,x, be generators for M over R. Then
pla) =D rija;
j=1

for all 1 <7 < n where 7;; € R. Denote ® = (r;;) € M,(R). Given m € M, we may consider
M to be an R[p]-module by taking scalar multiplication to be

p-m = p(m)
Now define the matrix
C=¢pl -9
which is an element of M, (R[¢]). Then, by construction,
C(xy,...,zn)" = 0e M"
Left multiplying by the adjugate of C' and using the definition of the determinant, we have
det C(zy,...,2,)" = (adj C)C(a1, ..., 2,)T =0 € M"

But zi,...,z, generate M so we must have that det C' = 0. The result then follows upon
expanding the definition of det C'. [

Remark. The above theorem can be reformulated to state that any matrix with entries in
a commutative ring satisfies its own characteristic polynomial - a more general version of
the well-known theorem of linear algebra.

9 Chinese Remainder Theorem

Lemma 9.1. Let R be a ring and I, J < R ideals. Then the following sets are also ideals of
R:

I+J:={z4+yleel,yeJ}

1J:= { Zn:xlyz

i=1

l‘iGI,inJ,nGN}

furthermore, we have the following relations:
1.1+J=1UJ
2.1JCInNJ
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3. (z)(y) = (zy) forall xz,y € R

Proof. 1t is clear that I + J is a subgroup of (R, +) so suppose that r € R and i € I + J.
By definition, i = x + y for some x € I,y € J. Then ir = (x 4+ y)r = xr + yr. But [ and J
are both ideals so xr € I,yr € J whence ir € R and I 4 J is an ideal.

It is also clear that I.J is a subgroup of (R, +) so suppose that r € R and i € IJ. By
definition we have i = > | z;y; for some x; € I,y; € J and n € N. Then

n
= 5 Ty
i=1

Now, y;r € J for all 1 <17 < n so, clearly the above is also an element of I.J. This shows
that I.J is an ideal of R.

To prove the relations, first let ¢ € I + J. Then, by definition, ¢ = z 4+ y for some
x €1,y € J. Since [ UJ is an ideal and, in particular, an additive group, we must therefore
have that t+y e I+ Jifandonlyifz +y € T U J.

Now suppose that ¢ € I.J. Then i = )" | x;y; for some z; € I,y; € J and n € N. Now,
for 7 to be an element of I N J, we would require that ¢ € I and 7 € J. Fix some 1 <7 <n
and consider the corresponding term in the expansion of i: z;y;. x; is an element of I and
y; is an element of R so, by definition, x;y; € I. Similarly, z;y; € J. Now by the additive
subgroup property of I.J, we see that the entire summation is an element of 7 N J and we
are done.

Finally, suppose that ¢ € (z)(y). Then ¢ = Y x;y; for some z; € (2),y; € (y)
and n € N. Clearly each term in the summation is an element of (zy) whence the entire
summation is an element of (zy). Conversely, suppose that i € (zy). Then i = rzy for some
r € R. We may consider rz to be an element of (z) itself so that rzy is indeed an element
of (z)(y) and the lemma is proved. O

Definition 9.2. Let R be aring and 7, J< R ideals. Then I and J are said to be comaximal
it I +J=R.

Remark. The condition that two ideals I and J are comaximal is equivalent to the condition
that there exists, x € I,y € J such that x +y = 1.

Example 9.3. Consider the ideals (2), (3) in Z. Then these ideals are comaximal.
Lemma 9.4. Let R be a ring and I, J < R comazximal ideals. Then IJ =1MNJ.

Proof. By the previous lemma, it suffices to show that I N J C [J. Since I and J are
comaximal, we may choose x € I,y € J such that x +y = 1. Then, given any ¢ € I N J, we
have iz + 1y =1 € IJ. O]

Theorem 9.5. Let R be a ring and I,.J < R comaximal ideals. Then

R/IJ~R/Ix R/J
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Proof. Consider the homomorphism of rings

p:R— R/IXR/J
o(r) = (r+1,r+J)

Clearly, ker o = I N J. By the previous lemma, the kernel is therefore equal to I.J. Now it
suffices to prove that ¢ is surjective whence the theorem will follow by application of the
first isomorphism theorem. To this end, suppose that (ry + I,7, + J) € R/I x R/J. Note
that

pz)=(x+I1[,1-y+J)=0+1,1+J)
oy)=0—z+Ly+J)=(1+1,0+J)

so that

p(riy +rox) = (r1+1,r2 + 1)
and thus ¢ is surjective. O]
Corollary 9.6. Let R be a ring and I, ..., I,<R a collection of pairwise comaximal ideals.
Then

R/L...I,2R/[[®---® R/,

Proof. We prove the corollary by induction on n. The case where n = 2 is covered by the
previous theorem. It thus suffices to show that I; and I5... I, are comaximal. Indeed, for
all i = 2,...,n there exists x; € I and y; € I; such that

Tty =1
This implies that y, ...y, = 1 (mod I;). In other words, there exists & € [; such that
T+Ys...Yp=1
and thus I; and I, ... I, are comaximal. Hence
R/I...1, 2R/l ® R/I5...1,
and the corollary follows by induction on n. ]

Corollary 9.7 (Chinese Remainder Theorem). Let R be a ring and suppose thatry, ..., ry €
R generate pairwise comaximal ideals. Then

R/(ry...m) 2 R/(r1) ® -+ ® R/(rk)

Example 9.8. Let n be a natural number and let n = p{™ ... p* be its unique factorisation
into distinct primes p;. Then

Z)(n) = Z/(p") © - - - & L(p}*)
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